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Optimization of Geometrically Nonlinear Thin Shells
Subject to Displacement and Stability Constraints
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A methodology is developed for shape optimization of thin plate and shell structures undergoing large deflections
subject to displacement and system stability constraints. The optimization method considers shape parameters and
overall thickness of the structure as the design variables and aims to minimize the total mass of the structure subject
to stability or displacement constraint. Two optimality criteria based on Karush—-Kuhn-Tucker conditions are
developed for mass minimization problems. Optimality criteria are combined with nonlinear corotational analysis to
optimize structures with geometric nonlinearity. The method is applied to plate and shallow shell structures. The
efficiency of the developed design optimization methodology is compared with that of the gradient-based method of

optimization (sequential quadratic programming).

Nomenclature
[A°] = stretching stiffness matrix
A; = area of the ith shell element
[B¢] = membrane-bending coupling stiffness matrix
(D] = Dbending stiffness matrix
{d} = element nodal displacement vector in local
coordinate system
[E] = elasticity matrix
E, = Young’s modulus
e; = strain energy of the ith shell element
e; = strain energy density of the ith shell element
e = strain energy provided by bending and

membrane-bending coupling effects in the ith
shell element

F.. = limit load of the structure

G = shear modulus

hy, hy, hy = heights of the spherical shell at different
levels

k = number of elements affected by the shape design
variable x,

[&;] = stiffness matrix of the ith shell element

L = Lagrangian function

M = total mass

m = number of nodal displacement components

N = number of the elements

N, = total number of elements affected by all shape
design variables

n = number of layers in laminated composite shell

R = radius of the spherical shell

{R} = vector of the externally applied loads

r = step-size parameter

t = overall thickness of the shell

U = total strain energy of the structure

u, v, w = nodal displacements in the local x, y, and z
directions, respectively

{u} = global nodal displacement vector
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{u;} = vector of the pure nodal displacements for the
ith shell element

% = volume of a shell element

X = set of design variables

X = shape design variable

xil), xf), = different definitions for the shape design variable
Xy

z = distance from the midsurface

A = control displacement in the nonlinear
equilibrium path

{e} = vector of the membrane strains, {&,&,¥,,}"

{e,} = vector of the midsurface membrane strains

n = iteration number

Ox, By, 0z = nodal rotations about the local axes x, y and z,
respectively

{K,} = vector of the midsurface curvatures

A = Lagrange multiplier

II = total potential energy

I1 = total potential energy associated with the optimal
design

P = material density

2.0 = sum of all the elements related to shape design

' variable x,
v = Poisson’s ratio
Olx, = equation valid for all elements affected by the

shape design variable x,

1. Introduction

HIN-WALLED structures consist of components in the form of

plates or shells with small thickness, compared with other
dimensions. These structures, which are the most efficient among all
of the structural systems, may display nonlinear behavior under
applied loads. This kind of nonlinearity, which is due to the large
deformations in the structure, is called geometric nonlinearity.

In practical applications, structures have to be optimized to have
minimum mass or maximum load capacity. Developing design
optimization techniques that efficiently combine the iterative
optimization process and iterative nonlinear analysis is a challenging
and complex task that has not received appropriate attention. The
major problem in the design optimization of nonlinear structures is
that the combination of iterative optimization process and iterative
nonlinear analysis makes the procedure extremely difficult and,
computationally, very expensive. Some designers use the linear
analysis instead of iterative nonlinear analysis to increase the
efficiency of the optimization process, however, it has been shown
[1] that it may lead to infeasible design, which may cause structural
failure. Considering this, it is necessary to develop efficient, accurate,
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and robust methodologies for design optimization of nonlinear thin-
walled structures.

Most of the works on the optimization of structures subject to
system stability constraints have been performed on truss structures;
these works consider the cross-sectional areas of the members as the
design variables. In most of these works, the system stability
requirement is posed as a linear buckling analysis [2-9]. Such an
analysis is restricted to small deformations in which linear buckling
analysis reduces to the solution of a generalized eigenvalue problem.
In the case for which the nonlinear behavior results in large changes
in the geometry of the structure, this definition of system stability
may not be conservative, and a nonlinear buckling analysis should be
undertaken.

In most recent works reported in the literature, the optimization
algorithms were mainly based on the optimality criterion technique,
because of its computational efficiency. For example, the optimality
criteria method has been employed to minimize the weight of the
truss and beam structures under the stress and displacement
constraints [10-13], stability constraint [14,15], or frequency
constraint [16]. Modern optimality criterion algorithms would
involve the case of satisfying the multiple constraints (scaling) and
Karush—-Kuhn-Tucker (KKT) [17] condition (resizing) alterna-
tively.

The objective of the present work is to develop a methodology for
design optimization of thin-walled structures undergoing large
deflections subject to displacement and system stability constraints.
In this study, two optimality criteria based on KKT conditions are
developed for mass minimization problems. The optimization
method considers shape parameters and overall thickness of the
structure as the design variables and aims to minimize the total mass
of the structure subject to stability or displacement constraint.

II. Problem Definition

The optimization problem is to find a set of design variables to
minimize the total mass:

N
M=pty A (1)
i=1

subjected to
g=IN-T=0 )

In this study, the set of design variables consists of shape design
variables and overall thickness of the shell. A shape design variable is
a parameter that changes the shape of the structure by changing the
spatial position of one or several nodal points. Itis possible to change
the geometry of several elements simultaneously by changing the
appropriate shape design variable related to those elements. It is
important to note that the change of the shape during optimization
should not violate the design constraints or manufacturing
requirements. Some studies consider an auxiliary structure to satisfy
these requirements during the shape optimization [18,19] . In the
present study, change of the shape is performed by shape design
variables that do not violate the design constraints and boundary
conditions.

Figure 1 shows how a nodal global coordinate can be selected
(here, coordinate Z of the point P) as a shape design variable.
However, there are other ways for defining a shape design variable.
Figure 2 shows how a shape design variable may be defined to
control the position of the point P with inclined boundary condition.
Assuming that the points P and P’ are the positions of a free nodal
point moving on line L during the optimization process, shape design
variable xil) can be selected as the distance of the free node from a
fixed point F. Another way to describe the position of the point is to
measure the distance from a fixed point F’ on line L, using the shape
design variable x?. Tt is obvious that the number of possible shape
design variables that may be defined to describe the position of a
node is infinite. However, any manufacturing requirement, such as a
straight edge remaining straight or portions of the boundary

2
AXp=A x(*.)cos 0

AYp=- Ax(*z. )sine

X
Fig. 2 Definition of the shape design variable.

remaining unchanged, should be considered when defining a shape
design variable. It should be noted that in this example, a shape
design variable changes both coordinates X and Y simultaneously,
because point P is moving on line L, due to its inclined boundary
condition.

III. Optimization Criteria

In this section, an optimization criteria is found for mass
minimization problem, using an approach similar to the one used by
Khot and Kamat [14], and Sedaghati and Tabarrok [15] for mass
minimization of truss structures. To simplify the presentation, and
without loss of generality, it will be considered that the shape of the
structure is described by only one shape design variable and overall
thickness. The total potential energy of the structure may be
expressed as

= y e, — {u}{R} = U— {u}'{R} 3

i=1

where the strain energy of the ith shell element may be written as
1 . .
e = E{ui}T[ki]{ui} )

where {u;} displacements are after removing the rigid body motions,
due to large deflections. It should be mentioned that pure
displacements may also be generally written as a function of {u}.
From the principal of stationary total potential energy, we have

ol aU

%—@—{R}Z{O} (©)

Using Egs. (1) and (2), the Lagrangian can be defined as

N
L=pty A;—MI-T0) ©6)
i=1
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The KKT conditions [17] for minimization of £ with respect to x,
and 7 become

AL

ax, 0 @

L

5 = 0 8)
O-T=0 ©)

Itis obvious that in cases with several shape design variables, Eq. (7)
is valid for each x, . From Egs. (3), (6), and (7), we have

0A; de;
pt(z 8x*) _}\( — 0x, *

X

=~ 0T Ju;
= Ju; dx,

) =0  (10)

Considering Eq. (3), the term dI1/du; vanishes and Eq. (10) may be
written as

(i) (a0

or

94, de; DA\
f(T5)-HEmm) - w

Because the strain energy of a flat shell element is in proportion to the
element area, de;/0A; = e;/A,. Thus,

N\ /9A.
Z(pt—k%) (Bx’) =0 (13)

X

e; 0A;\
2(1 ) (5) =0 (9

Defining the strain energy density as ¢; = ¢,/ (ptA;), we have

. (0A,
Z(I—Aei)(ax ) =0 15)

X

or

As discussed before, there are infinite possibilities to define a shape
design variable, because it can be defined as the distance from
various fixed points. The terms (1 — A¢;) in Eq. (15) are independent
of the definition of x,, and as a result, these terms do not change if x,
is defined differently. However, the terms (dA;/dx,) depend on the
definition of x, and change if x, is defined in another way.
Considering that Eq. (15) is valid at the optimum point, independent
of how x, is defined, we have

> —Aéi)(a%) =0
S —Aé)(ﬂ) =0 (1o
Nao | =

Equation (16) is a set of simultaneous homogeneous equations, with
9A;/9x, aA,./axSEh ... as the coefficients and (1 — A¢;) as the
unknowns. This set always has the following trivial solution:

(1-1é) =0, = (1=1é)l,, a7

This uniform strain energy density criterion equation states that in an
optimum structure, the strain energy density of all elements affected
by the design variables are the same. Applying similar steps for
Eq. (8), we have

N N Be~
p(ZA,-) —A(Za—[') =0 (18)
i=1

i=1

Considering Eq. (17) and substituting A = 1/¢; = ptA;/e; into
Eq. (18), we may have the following criterion for all possible
optimum solutions:

N
ptA; de;\
S

i‘m"[] -(3)/(5)]=0 20)

In the case of pure membrane behavior, strain energy is provided by
only the membrane stiffness, thus e; is in proportion to ¢ and (de; /1)
is equal to (e;/1). In any other case, (de;/d¢) is always greater than
(e;/1), because of the #* and #* terms associated with the membrane-
bending coupling and pure bending behavior, respectively. So in the
general case, (de;/dt) is always equal to or greater than (e;/1), and all
the terms in the sum in Eq. (20) are negative or zero. Thus, the only
possible solution for Eq. (20) is

or

de; e;
L 21
ot t @

which states that at the optimum point, all the strain energy is
provided by the membrane mode. In other words,
Cip

L 50 22)

€;

This relation may also be extended to the whole structure:

total bending strain energy  Xe;;,
= — —>

total strain energy Ye;

0 (23)

This bending energy ratio criterion relation states that among all
optimum designs with different thicknesses, the one that has the least
bending energy ratio has the minimum mass. Equations (17) and (23)
are called optimality criteria and should be satisfied to minimize the
total mass of a shell structure.

IV. Recurrence Relation

To satisfy the uniform strain energy density criterion, an iterative
scheme is used. First, Eq. (17) is rewritten in the form of prA; = Ae;
and then it is applied to all elements connected to x,:

ptAl = )\.el
ptAz = )\,ez (24)
ptAk = )\,ek

Summing both sides, we have

k k
prY A;=1) e (25)
j=1 j=1

or

E e,
1= a9 (26)
prYN A,

The recurrence relation may be written by multiplying both sides of
this equation by x,, and taking the rth root:

Zk: 6_4 1/r
()1 = (), - (km @7)
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where ) 4 1 and 7 are the iteration numbers, and r can be changed by
assigning an appropriate value.

The value of the Lagrange multiplier at the optimal design is found
from Eq. (17) by minimizing the sum of the squares of the residuals at
iteration 7:

N,
Res, =Y (1—2¢,)? (28)
i=1

Thus, the Lagrange multiplier can be obtained as

N, A
A= Dot 6
=N, 4
i 6

Substituting Eq. (29) into Eq. (27), we finally obtain

A 1/r
Zﬁ\]:l €; Z.l;zl €; (30)
Yo e ety A

(29)

(x*)r;Jrl = (x*)r] : (

This relation is used to iteratively modify the shape and approach to
the optimal design. The other optimality criterion, Eq. (23), is used to
guarantee that change of the thickness to scale the design (which is
explained in the next section) is in the proper direction toward the
optimal design. Obviously, if the overall thickness of the structure is
not considered as a design variable, this optimality criterion is
relaxed and scaling is done by changing shape design variables.

V. Solution Methodology

The shell element used in this study [20] is a thin triangular
element, shown in Fig. 3, with 18 degrees of freedom, 3 rotations, and
3 displacements per node. The element nodal displacement vector
can be described as

dy={uy v w Ox; Oy Oz uy v, wy ... Oz}
3L

This element is a combination of optimal membrane triangle (OPT)
[21] and discrete Kirchhoff triangle [22] elements. The OPT
membrane element is called optimal because, for any arbitrary aspect
ratio, its strain energy for in-plane pure bending is exact.

The strain energy of the ith element is expressed as

=5 [ eViEle v ()

Relating the strains to the midsurface strains and midsurface
curvatures, the strain energy is

Thickness =t

0—» T, U
X
ex

Local Coordinate System Global Coordinate System

Fig. 3 Geometry of the triangular shell element.

ei=3 [ oo+ . JTENe, + 20,0V (33)
14
or

€= %/({EO}T[Ae]{eo} + {e,}[BNk, ) + e, }[BNe, }
A
+ {K, ) [DKre,}) dA (34)
where [A¢], [B¢], and [D?], in the case of laminated composite plates

and shells, can be written as [23]

n

1
By=Y 4 (348

k=1

Aj = Z(Zk - Zk—l)Efi
=1

1
Dj; = Zg (zi B Zi—l)Ef/

k=1

(35)

(n = number of layers)

In the case of isotropic material with Poisson’s ratio and Young’s
modulus,

Il
o =
o —c

0

0 |, [A¢] = {[E]
2 (36)

A

(D]=5[EL [BT=1[0ha

To analyze the structures with geometric nonlinearity, a corotational
approach is used [20,24]. In this approach, the total motion of an
element is decomposed into a rigid body motion and a pure
deformation. The contribution of the rigid body motion to the total
deformation of the element is removed before performing the
element computations. This will allow an upgrade of the structural
elements to treat problems with large rotations and small strains. This
is the case with many thin-walled plate and shell structures
undergoing large deformations.

It should be mentioned that some doubts have recently been raised
about the mathematical convergence of facet elements [25]. In
particular, when refining the mesh, finite element solutions are
expected to converge to the exact solution of a well-defined
mathematical model. However, some numerical experiments have
shown that facet shell elements may not exactly converge when the
mesh is refined, although their results are very close to the reference
values [25]. It is believed that the best shell elements are formulated
using 3-D continuum mechanics incorporating shell theory
assumptions. However, facet elements are used in this study,
because the formulation of a corotational approach using curved
elements is extremely difficult to perform and it is not even well
developed. It may be noted that for the case of nonlinear behavior
with small pure deformations, the corotational method is the most
effective approach, because it takes advantage of existing small-
strain elements during the analysis [26].

Figure 4 shows two cases of nonlinear response with limit loads.
Figure 4a is called snap-through behavior, which is one of the most
frequent forms of nonlinear response of shallow structures. Figure 4b
shows another case in which the structure has no post-buckling
strength. In both cases, the limit point is identified as the point at
which the tangent stiffness matrix becomes singular. The load level
at the limit point is selected as the constraint for optimization against
system stability.

In practical cases, the tangent stiffness matrix rarely becomes
exactly singular; thus, in this study, an alternative method is used to
find the limit load of the nonlinear path. Because the arc-length
method [27] is capable of tracing the post-buckling path, one can use
this method to follow the equilibrium path beyond the limit point. As
shown in Fig. 4c, analysis is stopped when the load level at a newly
converged point of the path (point 3) becomes less than that of the
previous converged point (point 2). Using the values corresponding
to the three last points 1, 2, and 3, it is possible to perform a quadratic
fit to the load-displacement curve near the limit point and find F,.
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Quadratic fit

F
N _
F3<—-

]
Fy

Cr

a) b)

Fig. 4 Two forms of the nonlinear response curve with limit load.
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Check if the summation of | No!

»

(ep/¢e) forall of the active[ ™~

elements is reduced v
Yesy Back to the
< previous thickness

« y

<

Fig. 5 Flowchart of the proposed optimization algorithm.

The peak load determined through this procedure was found to be
very accurate.

Figure 5 shows the optimization algorithm based on the proposed
optimality criteria. In this study, the optimization constraint is either
the system stability or the nodal displacement. In the case for which
the system stability is the optimization constraint, the solution after
each iteration should be scaled so that the limit load of the structure is
equal to or greater than the applied load. The same procedure is done
for the case of displacement constraint to limit the nodal
displacement to a maximum allowable value. It is possible to scale
the design by changing the general thickness of the shell. Obviously,
if the limit load is greater than the applied load, the thickness should
be reduced and vice versa. As for displacement constraint, if the
maximum displacement is greater than the allowable displacement,
the thickness should be increased and vice versa.

It should be noted that the strain energy is not a linear function of
the thickness, and as a result, scaling the thickness of the shell by a
scale factor does not have the effect of scaling the limit load by the
same scale factor. In other words, by changing the thickness of the
shell, the displacement pattern also changes, and a simple
proportional reduction or increase of the thickness would not lead to
the desired critical load. Selecting the new thickness is usually done
through an iterative process. However, this process is not highly
iterative, because the new thickness is usually selected among a set of
available thicknesses, and this process converges after a few
iterations.

Considering the thickness of the shell as one of the design
variables and scaling the solution by changing the thickness does not
always lead to a suitable design. One example is a thin cantilever
plate subjected to an end vertical load. By trying to scale the design to
satisfy the displacement constraint, the solution converges to a
narrow, but thick, structure, which is not necessarily in agreement
with the assumed bending element. In this case, a better result is
found by relaxing the second optimality criterion, Eq. (23), and using
just the shape design variables to scale the design. This technique is
used in examples 2 and 3 of the following section.

Although Eq. (30) guaranties that the design iteratively
approaches the optimal design, true optimality is not always
possible. This means that in the final design, the strain energy density
distribution may not be completely uniform.

VI. Numerical Results

To demonstrate the efficiency and accuracy of the proposed design
optimization methodology, three illustrative examples are presented.
Stability and displacement constraints are considered in the first and
second examples, respectively. The third example is again an
optimization problem with stability constraint, in which the accuracy
of the proposed algorithm is compared with that of the sequential
quadratic programming (SQP) gradient-based method. Regarding
the sensitivity analysis, an analytical method has been presented in
[28] that is independent of the element type and is valid for shape and
size design variables. However, because the main idea in the third
example is to only evaluate the accuracy of the proposed method by
comparing its result with that of the gradient-based methods, the
finite difference method (FDM) is used as an alternative approach for
sensitivity analysis in the SQP method:

Af _ [+ AD) — f()

dx Ax 37

The accuracy of the FDM is dependent on the perturbation size Ax. A
relative perturbation between 10> and 10~ generally leads to
results with sufficient accuracy for engineering applications.

A. Example 1: Shallow Spherical Shell Under Transverse Load
Figure 6 shows a shallow spherical shell subjected to an 8000-N
downward load at the top. The optimization problem is to minimize
the total mass of the shell subject to stability constraint. This means
that F ., in the optimum design should be equal or very close to (but
more than) 8000 N. The shell is modeled with 144 triangular
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Thickness = 3.3 (mm)

E =70 (GPa)
G =27 (GPa)
v =035

P = 2800 (kg/n?)

Thickness = 3.3 (mm) F =8000 (N)
hs|h, Jhy T 200 (mm)
BARA A AANBA - 300 (mm)
h = 60.00 (mm) | |
' A (Deflection) h.,= 53.56 (mm)

SIDE VIEW (INITIAL SHAPE)

h=33.92 (mm)

TOP VIEW (INITIAL SHAPE)

Fig. 6 Shallow spherical shell subject to transverse load.
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Fig. 7 Optimum shape and variation of the mass and bending energy ratio for the dome shell (thickness scaling).

elements and, due to symmetry, only a quarter of the shell is
analyzed. The shape design variables are considered to be ,, h,, and
h3, with initial values of 60.00, 53.56, and 33.92 mm, respectively.
The initial value of #=3.3 mm is considered for the overall
thickness of the shell. The initial total mass is equal to
M =2.7110 kg, assuming the mass density to be equal to
2800 kg/m?>. The optimization procedure starts by changing the
nodal positions in the vertical direction and considering the step-size
parameter r = 10. Three regions have been considered (h > h,,
hy > h> hy, and h; > h), and to eliminate the effect of mesh
configuration, the average value of the strain energy density in each
region has been considered in the optimization process.

Figure 7 shows the results of optimization (optimum shape,
bending energy ratio, and mass iteration histories) based on the
proposed algorithm. In this analysis, the design is scaled at each
iteration by changing the overall thickness of the shell. The minimum
change in the thickness is assumed to be equal to 0.1 mm. In the third
iteration, the bending energy ratio increases, which means that the
change in the thickness due to the design scaling is not in the proper
direction toward the optimal design. Based on the algorithm, the
analysis should be continued with the previous thickness, but it is not

possible, because of the stability constraint. Thus, the analysis
terminates and the minimum mass M = 0.4844 kg is achieved in the
second iteration.

As an example of the design variable linking, we may consider the
case for which the overall shape of the shell remains spherical during
the shape optimization. In this case, only /4, is the shape design
variable, and /, and h; should be linked to /. Linking the design
variables may be done in different ways, however, it is always
preferred to avoid high aspect ratio elements during optimization.
For example, the following relation ensures that all elements are of
the same relative size and aspect ratio during the shape optimization,
as shown in Fig. 8:

h, = R(cos 6 — cos 30), h; = R(cos20 —cos36)  (38)

inwhich R = (3007 + h})/2h, and § = $sin~'(300/R). In this case,
the design variable /, controls the position of all free nodal points,
and optimum solution is obtained when the strain energy densities
become uniform all over the shell, using the same methodology.
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6 =5 sin ( R

2 2

300+ h

2 2 2
R—300+(R-h1) — R= h

h2: R (cosB- cos38)
h3: R (cos26- cos30)

Fig. 8 Linking the design variables for the spherical dome shell.
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E =200 (GPa)
G =77 (GPa)
X ?W V=03
100 (cm) p =17850 (kg/nr)
F =200 (N) W(max) = 50 (cm)
9 (cm)
INITIAL SHAPE

TOP VIEW (INITIAL SHAPE)

Ll e

TOP VIEW (OPTIMUM SHAPE)

Fig. 9 Cantilever plate with end load.

B. Example 2: Cantilever Plate with End Load

In this example, the proposed algorithm is used to optimize a plate
with displacement constraint. A cantilever plate with end load F =
200 Nisshownin Fig. 9, and the objective is to minimize the mass of
the plate subject to a displacement constraint W < 50 cm at the tip.

KHOSRAVI, SEDAGHATI, AND GANESAN

F = 8000 (N)

y SIDE VIEW

TOP VIEW (INITIAL SHAPE)

Thickness =20 (mm)  E =200 (GPa)
R=1300 (cm) G =77 (GPa)
h=w =100 (cm) v=03

L = 1000 (cm) p = 7850 (kg/nr’)

Fig. 11 Shallow arch under downward loads.

The initial dimensions of 9 x 100 cm and thickness of t = 4 mm are
considered for the plate. The initial total mass of the plate,
considering a mass density of p = 7850 kg/m?, is M = 2.8260 kg.
The plate is modeled with 40 triangular elements and, due to
symmetry, only half of the plate is analyzed. The width of the plate at
each station is considered as the shape design variable.

In this example, design scaling by changing the thickness will
result in a narrow, but thick, plate, which is not desirable. To
minimize the mass and keep the same thickness, design scaling is
done by multiplying the width of the plate at every point by a scaling
factor. Because the design scaling is not done by changing the
thickness, it is not required to check if the bending energy ratio
decreases. Similar to the previous example, the step-size parameter is
considered as r = 10.

Figure 10 shows the optimum shape and variation of pé; over the
length of the cantilever plate before and after optimization. It can be
seen that the total mass decreases to M = 2.0116 kg, whereas the
strain energy density approaches the uniform distribution.

C. Example 3: Shallow Arch Under Downward Loads

Figure 11 shows a shallow shell with thickness =20 mm
subjected to 11 concentrated vertical loads, each one equal to
F = 8000 N. The optimization problem is to find the best shape (by
varying the width of the arch, and without any change in the
thickness) to have minimum mass subject to the stability constraint.
The plate is modeled with 40 triangular elements and, due to
symmetry, only a quarter of the plate is analyzed. The step-size
parameter r = 2 is considered in analysis. The width of the shell at
each station with an initial value of W = 100 cm is considered as the

X T
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TOP VIEW (OPTIMUM SHAPE)
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————— Before Optimization
354, (iteration 0) 2.81
1
p.c 304 i —— After Optimization | Mass 27
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| 2.51
20 1 L
2.44
154 73]
10 4 201
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Fig. 10 Optimum shape and variation of the mass and energy density for the cantilever plate.
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Fig. 12 Optimum shapes and variation of the mass for the shallow shell
(present study vs the SQP method).

shape design variable. Similar to the previous example design,
scaling is performed by changing the width of the shell at each point.
As mentioned before, because the thickness is kept constant during
the optimization, the second criterion (bending energy ratio) is
relaxed.

Figure 12 shows the result obtained by this study compared with
the one obtained by the SQP method. Starting with the initial mass
M =1611.12 kg, the minimum mass obtained by the proposed
method after eight iterations and performing eight nonlinear analyses
is M = 1226.30 kg. Analysis by the SQP method leads to a smaller
mass equal to M = 1213.10 kg, but it needs 18 iterations and 161
nonlinear analyses. It may be seen that by using the proposed design
optimization methodology, one can efficiently obtain the optimum
solution with an acceptable accuracy without any need to perform the
time-consuming task of sensitivity analysis. It should be mentioned
that in this example, scaling the width of the shell by a scale factor has
the effect of scaling the limit load by the same scale factor, which
makes the scaling process easy to perform without any new iteration.
Even in the case of scaling by thickness, in which the load-
displacement pattern changes after each scaling, the authors’
experience shows that the total number of analyses is much less than
that necessary in the SQP gradient-based method.

VII. Conclusions

A new methodology for optimization of thin plate and shell
structures has been developed. Two optimality criteria have been
proposed and combined with a nonlinear analysis program. The
method tries to change the shape of the structure so that the strain
energy densities in all elements affected by the change in the shape of
the structure have the same value. It has been shown that this method
converges to an optimal shape and requires fewer analyses than the
standard gradient-based methods of optimization. Itis concluded that
the complex task of shape optimization in nonlinear structures can be
performed efficiently by the proposed methodology.

The proposed method seems to be suitable for cases in which the
shape of the structure can be defined by a few number of design
variables, and the nodal positions in the finite element mesh are
linked to the design variables by a suitable relation. It should be
mentioned that structural optimization techniques based on
optimality criteria method may suffer convergence difficulties and
other numerical instabilities when they are applied to the optimum
design of large structures. This is why stochastic search techniques
such as genetic algorithm and simulated annealing have recently
found wide application in structural optimization. Further studies on

this aspect will be conducted by the present authors to determine the
performance of the proposed algorithm in the design of large scale
structures.
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